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I. INTRODUCTION 
In the first part of this paper we derive some new continuation formulas 
for the solution of the equations of classical elasticity. A number of 
such formulas may be found in the literature. Duffin [6] has treated the 
problem of continuing the solution across a portion of plane boundary Q 
when either the displacements or the surface tractions vanish on Q. 
Bramble [l, 21 has treated the analogous problem for Q spherical. He 
has also considered the case [2] in which a linear combination of the 
displacements and surface tractions vanish on Q (here again Q is spherical). 
For some elastic plate problems, continuation formulas have been 
obtained by Duffin [7] and Bramble [3]. In addition, continuation 
formulas in certain unnatural problems connected with elastic plates are 
dealt with in a forth coming paper by Bramble. 
It was pointed out recently by Diaz and Payne [4, 51, that if the 
normal component of surface traction and the normal displacement are 
prescribed on the entire boundary of a sphere, then the value at the 
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origin of each of the stress components is uniquely determined. They 
showed further that knowledge of the boundary values of the two 
tangential components of surface traction and the two tangential displace- 
ments on the entire spherical surface is not sufficient to determine all 
of the stresses at the origin. The last statement is not surprising since, 
as they pointed out, one can obviously add an arbitrary hydrostatic 
pressure which will not affect the boundary conditions on Q. 
The question naturally arises: Is it possible to obtain continuation 
formulas in two such “unnatural” problems? More specifically, if the 
displacement vector satisfies the equations of elasticity in a region D 
a portion Q of whose boundary is spherical, and if either the normal 
component of traction and the normal displacement vanish on Q, or the 
tangential tractions and tangential displacements vanish on Q, is it 
possible to continue the displacement vector as a solution to the equations 
of elasticity across Q? In the latter case we find that the desired formula 
can be obtained. In the first case, as we might expect, it is impossible to 
obtain a unique continuation formula. There is thus a certain interesting 
contrast between the results of Diaz and Payne [4, 51 and the results 
of this paper. If, however, in addition to prescribing the vanishing of 
the normal stress and the normal displacement, we also require that the 
normal component of the rotation vector vanish on Q then it is possible 
to obtain a formula for continuation. 
This leads us then to consider the following two problems: 
Problem I. To obtain a formula for the continuation of the displace- 
ment vector across a spherical portion Q of the boundary of a general 
region D when the normal component of surface traction, the normal 
component of the displacement vector and the normal component of the 
rotation vector vanish on Q. 
Problem II. To obtain a formula for the continuation of the displace- 
ment vector across a spherical portion Q of the boundary of D when the 
tangential components of the surface tractions and the tangential compo- 
nents of the displacement vector vanish on Q. 
The continuation formula for problem I is derived in Section III. 
Problem II is treated in Section IV. In each case we show that it is 
possible to obtain an explicit formula for the continuation. Analogous 
two dimensional problems are considered briefly. 
In the latter part of this paper we consider the question of uniqueness 
of solution of boundary value problems of the following types: 
Type I. The components of the displacement vector satisfy the 
equations of elasticity on the interior (exterior) of a sphere. On the 
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surface of the sphere boundary values of the normal component of surface 
traction, the normal displacement, and the normal component of the 
rotation vector are prescribed. 
Type II. The components of the displacement vector satisfy the 
equations of elasticity on the interior (exterior) of a sphere. On the 
surface of the sphere, boundary values of the tangential components of 
the surface tractions and tangential components of displacement are 
prescribed. 
hIore specifically, we examine in Section 1’ the uniqueness question 
for the boundary value problem of the type I. I f  the displacement vector 
satisfies the equations of elasticity in the region esterior to the sphere and 
suitable conditions are imposed at infinity it is shown that the boundar!. 
Lralue problem has at most one solution for the physically interesting values 
of the Lame constants. On the other hand, if the region of definition is 
the interior of the sphere a very curious and interesting situation exists. 
\I’henever Poisson’s ratio o is expressible as o = (X - 2) (2N - 1)-l for 
any positive integer N, then the boundary value problem does not have 
a unique solution. We can always add to the dilatation an arbitrar!- 
homogeneous harmonic polynomial of degree N. It is interesting to note 
that all positive integers N > 1 lead to value of o which are of possible 
physical significance. This means that in the interior problem there are 
an infinite number of values of o (namely o = (N - 2) (2-V - 1)-l) 
for which the boundary value problem is not unique. For all other values 
of o uniqueness is assured. 
Section 17 is devoted to a study of the uniqueness question for the 
boundary value problem of type II. Again, if suitable conditions are 
imposed at infinity, the exterior problem possesses for physically real o 
at most one solution. As was indicated previously, in the interior problem 
one can always add to any solution an arbitrary hydrostatic pressure. 
However, if we normalize the solution in such a way as to fix this arbitrary 
hydrostatic pressure, we discover that there are still (as in the previous 
section) an infinite number of values of 0 for which the solution is not 
unique. Strangely enough nonuniqueness occurs for precisely theses 
values of o which yielded nonuniqueness in the boundary value problem 
of type I. 
It is clear that, for the boundary value problem in which the tangential 
components of surface traction and tangential displacements are prescribed 
over the entire spherical surface, the solution will in general not esist. 
In Section VII we derive a compatibility condition which must be satisfied 
by the prescribed data for existence of solution. 
It should be pointed out finally that the problems treated in this 
paper are problems which do not normally arise in physical situations. 
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The authors feel, however, that the results are of considerable interest 
in themselves and may prove helpful in the study of more general problems. 
II. DEFINITIONS AND NOTATION 
Throughout the paper we make use of rectangular coordinates, 
(x1, * . . , x,,), and polar coordinates (Y, 0, v) (or (Y, 0)). Thus we have 
t-2 = x12 + . . . + x,,~ and we define R such that rR = a2 where a is a 
positive constant. The rectangular coordinates of the point (R, 8, tp) 
(or (R, 0)) will be called (3,, . . . , 5,). They satisfy the relation Zi = a2 xi/y2. 
A function, f, considered at the point (R, 0, q) (or (R, f3)) will be denoted 
by f. 
When an index is repeated in a single term summation from 1 to 
n (n = 2 or 3) will be implied. Whether n equals 2 or 3 will be clear from 
the context. The notation f,i = af/ax,, for differentiation with respect to 
one of the rectangular coordinates, will be often used. 
The symbol d will denote the Laplace operator, and a function h 
which satisfies Ah = 0 in a given region G is said to be harmonic in G 
provided h E 0(G). Likewise if b satisfies A(Ab) E A2b = 0 in G it will 
be called biharmonic, provided b E C4(G). 
We define D* to be a three (two) dimensional region which excludes 
the origin but which contains an open subset Q of a spherical surface (circle) 
of radius a with center at the origin, and such that (Y, 0, p) ED* implies 
(R, 8, ($7,) ED* (or (Y, e) ED* implies (R, t9) E D* if n = 2). Furthermore 
D* is to have the property that every ray from the origin which intersects 
D*, intersects it in a single line segment of length greater than some 
constant 6. The portion of D* which belongs to the open sphere (disc) 
r < a will be called D. We denote by D,, some open subset of 7 < a such 
that D, contains the closure of D in r < a. 
In addition to the regions just defined we shall need analogous regions, 
symmetric with respect to the plane xi = 0. More precisely, let C* be 
a three dimensional region which contains an open subset B of x1 = 0 
and such that if (x1, x2, x3) E C* every point on the line connecting 
(xi, x2, x3) and (- x1, x2, x3) belongs to C*. Let C be the part of C* 
which belongs to the half space xi > 0. Finally we denote by C, some 
subset of xi > 0 such that the C, contains the closure of C in xi > 0. 
In the case of two dimension, these regions are defined analogously. 
The statement “f = 0 on Q” is defined here to mean 
(r,o,p)::o p ,f@* ep p, = O , 1, L 
where (r, 8, p) E D and (a, el, Q)J E Q. The analogous statement is inferred 
in the case of two dimensions. 
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III. PROBLEM I 
A. Three Dimensional Case 
THEOREM 1. Let ui (i = 1, 2, 3) be a solution of the equations 
AU; + Uui,ii = 0 (3.1) 
in D,, where u is a constant not equal to - 1 and ui E C3(D1). (It can be 
shown, see for instance Duffin [6], that ooze need only assume ‘ut E C2(D1).) 
Suppose that 
XT Uj = 0, (3.2) 
X, Xj Zii = 0, (3.3) 
&ijk Xi ‘uj*k = 0 (3.4) 
on Q, zlhere tii are the stresses corresponding to the displaceme?ds u, (i.e. 
Tri = h&j Uk,k + ,U(Ui,j f  Uj,i) where 6ij is the Kronecker delta) and eijk 
is the permutation symbol defined as 
I 0 if any two indices are equal &= 1 1 if ijk is an even permutation of 1 2 3 
- 1 if ijk is an odd permutation of 1 -7 3. 
Then ui can be continued across Q as a solution of (3.1) into D*. 
The continuation can be obtained by means of an explicit formula. 
PROOF: We introduce the function 
B = xiuj + v (~2 - a2)@ (3.5) 
where 0 = “j,j. It is clear from (3.1) that A@ = 0. This implies that zli 
is in fact analytic in D,. It follows then that A2xi uj = 0 and hence B 
is biharmonic in D,. We shall first show that B can be continued across 
Q into D*. 
It was shown in [l] that if xi Uj is biharmonic in D, then it is possible 
to introduce harmonic functions h and g in D such that 
Xi ui = h + (r2 - a2) g - & r $ (3.6) 
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in D. Now since Xi ui = 0 on Q it follows that h = 0 on Q and hence 
may be continued into D* by means of the classical reflection principle 
h= -Yh. 
a 
Now putting (3.6) into (3.5) we have 
(3.7) 
B=h+(r2-a2) g-$~:+?@). (3.8) 
Now 
(3.9) 
1 
= XjUj + -XjX,jtij. 
2/l 
Hence from (3.~2)~ (3.3), and (3.9) we see that 
on Q. Looking at (3.5) we see that the left hand side of (3.9) is equal to 
But from (3.8) 
i?B 
7ar- 
!$ (72 - a”) y z . 
(3.10) 
We conclude from (3.10) that, since g + ((a - 1)/a)@ is harmonic, it must 
vanish on Q and hence may be continued into D* by means of the classical 
principle. Hence it is clear from (3.8) that B has been continued into all 
of D*. 
Since B has been continued into D*, AB can also be continued into D*. 
Then by applying the Laplace operator to (3.5) it follows that the quantity 
- &(3a + l)@ + Y aqa Y and thus, by Lemma 5 of [l], 0 itself can 
be continued into D*. Once 0 is continued it is possible to continue 
xi ui by (3.5). Thus as we might expect we have that B and Y tYBl& 
are both zero on Q. An explicit formula for the continuation of such a 
function is given by Duffin [7]. 
CONTINUATION FORMULAS AND UNIQUENESS THEOREMS 7 
Now the function H = &jk X‘ %+k, which gi\:es the normal component 
of the rotation vector, is harmonic in D. Hence using (3.4) it may be 
continued by the classical principle, i.e. 
Making use of the differential equation (3.1), we obtain the identit! 
in D. (This identity may be verified by performing the indicated opera- 
tions on H E &ijk xi ‘tij,&) Now the right hand side of (3.11) is defined 
throughout D*. Hence the continuation for 16~ may be obtained b!. 
integrating (3.11) twice. 
COROLLARY 1. Let ui (i = 1, 2, 3) be a solzttio?z oj the equatiom 
Lrzc, + uuj,,j = 0 (3. Id) 
ix C,, where tc is a constant not equal to - 1 and ‘tii E C3(CJ. Suppose that 
% = 0 (3.13) 
711 = 0, (3.14) 
562,s - U3,2 = 0 (3.15) 
on B. Thelt Ui can be contilzued i&o C* as a solution of (3.12). 
An explicit representation for the continuation can be obtained. 
(Conditions (3.13) - (3.15) simply state that the normal components of 
displacement, surface traction, and rotation vanish on B.) 
PROOF: This corollary is just a limiting case of Theorem 1. If we 
choose the origin at the point x1 = a, x2 = .v3 = 0 thus having 
r2 = (x1 - a)2 + x22 + x32, and allow a to approach infinity, then the 
sphere and its interior will be transformed into the half space -1zr > 0. 
The proof will then follow in a manner analogous to that in Theorem 1. 
B. Two Dimensiolaal Case 
THEOREM 2. Let ui (i = 1, 2) be a solution of the equatiom 
AZli + UUj,ji = 0 (3.16) 
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in D,, where a is a colzstant not equal to - 1 and ui E Cs(D,). Su$pose that 
xj uj = 0 (3.17) 
alzd 
Xj Xj tij = 0 (3.18) 
0% Q, where zii are the stresses corresponding to the displacements ui in D,. 
Then ui can be continued across Q as a solution of 3.1 into D*. 
An explicit continuation formula can again be obtained. 
PROOF: We introduce again, as in the proof of Theorem 1, the 
biharmonic function 
a-l 
B = xi ui + ___ 4 (r2 - a2)0, (3.19) 
and in an analogous manner see, using (3.17) and (3.18), that B can be 
continued into D* and that B = r aB/ar = 0 on Q. Hence, again B 
may be continued into D* by means of an explicit formula and as before 
19 and xi ui can also be continued into D*. 
It is easy to see that, the identity 
(3.20) 
is valid in the case of two dimensions, where .si2 = - a2i = 1 and 
cl1 = e2s = 0. The continuation follows immediately from (3.20). 
Again as a limiting case we have the following corollary. 
COROLLARY 2. Let ui (i = 1, 2) be a solutiolz of the eqzcations 
Aui + aui,ii = 0 (3.21) 
in C,, where a is a constartt not equal to - 1 and ui E C3(C1). Suppose that 
u1 = 0, (3.22) 
t -0 11 - (3.23) 
0% B. Then ui can be continued into C* as a solutiolz of (3.21). 
Again an explicit continuation formula can be derived. 
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IV. PROBLEM II 
A. Three Dimensional Case 
THEOREM 3. Let ui (i = 1, 2, 3) be a solutiolz of the equations 
LlUi + MUj,jl = 0 (4.1) 
ifz D,, where u is a constant not equal to - 1, and tti E C3(D1). .S@pose that 
X,#j- XjUi=O (4.2) 
xi xk tjk - xj xk tik = 0 (4.3) 
on Q. Then ui may be continued as a solution of (4.1) into D* and the 
continuation can be obtained by means of an ex&!icit formula. (It should 
be noted that (4.2) and (4.3) are simply tangential components of displace- 
ment and surface traction respectively on Q and moreover that there 
are only two independent components of each.) 
PROOF: We introduce the functions 
Bij = xi uj - X; ui - a(~* - a2) (uj,i - ui,j) (4.4) 
which are easily seen to be biharmonic in D,. The proof will consist of 
showing that Bii may be continued into D* by means of an explicit 
formula and then showing that continuations for the displacements ui 
may be deduced from the continuations of the functions Bij. 
By means of a direct calculation we find that 
a 
““ax- Xkax 
“.)( k 
(xkui-xiuk) - 
icy2 - aV & (U1.i - Ui,,). 
It is expected now that (4.2) and (4.3) when applied to (4.4) and (4.5) 
imply that Bij = r(a/ar) Bii = 0 on Q. This is in fact the case; however, 
it should be remembered that (4.2) and (4.3) are to be understood in the 
sense of the limit. An argument quite analogous to that used in the proof 
of Theorem 1, introducing the harmonic functions hii and gi, such that 
x, ui - xi uj = hii + (r* - a2) gtj - $ r g,v 
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shows that Bii can in fact be continued into D*. Similarly we find that 
Bii = Y aBiJar = 0 on Q, in the strict sense. Thus again, since Bij is 
biharmonic, the continuation of Bi, is given by means of an esplicit 
formula. 
TO obtain the continuation for Ui from the continuation for Bij we 
proceed as follows. Making use of the equation (4.1) and the definition 
of Bij we find that 
Since the continuation for the left-hand side of (4.7) is known we may 
apply Lemma 5 of [l] (twice). It follows that 0 can be continued into D*. 
lV:e now form 
(4.8) 
which tells us (using Lemma 5 of [l]) that Xi fci may be continued into D*. 
Finally we have that 
3ui + ~2 = 2Bji,i - (xi ~i),i + 2x40 - (1 + a) 2 (r2 - a2)0,i. (4.9) 
Since all functions on the right-hand side of (4.9) have been continued 
into D*, Lemma 5 of [l] tells us that ui may be continued into D*. It is 
clear that since the continuation for Bii is given by means of an explicit 
formula, it is possible to obtain a formula for the continuation of .zk; 
into D*. 
An analogous theorem is valid in the two dimensional case and the 
proof follows in quite the same manner. 
As a limiting case of this theorem we have 
COROLLARY 3: Let u, (i = 1, 2, 3) be a sol&ion of the equations 
AU, + aui,ii = 0 (4.10) 
in C,, where M is a constant not equal to - 1 and ui E C3(C1). Suppose that 
u:, = u3 = 0 (4.11) 
and 
q2 + fi2,1 = %,3 + U3,l = 0 (4.12) 
on B. Then u; can be contintied as a solution of (4.10) into D*. 
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An explicit representation for the continuation is again possible. 
The case of plane strain, that is when lb1 and u2 depend only on Y[ 
and sg and 2t3 s 0, is clearly contained in Corollary 3. 
1'. LwNIQUENESS OF SOLUTION OF BOUNDARY \';\I.~E PROBLEM OF TYPE I 
In this section we treat the following boundary value problem: The 
displacement components u, satisfy the equations 
hi + XUi,Ji = p, (5.1) 
on the interior of a sphere of radius a. On the spherical surface (Y = u) 
the normal component of the surface traction, the normal displacement, 
and the normal component of the rotation vector are prescribed. In (5.1) 
the pi are prescribed functions of the coordinates si. 
M:e consider the question of uniqueness of solution in the usual wa!- 
by assuming that two solutions u.~I and zdi2 exist. Their difference 
W, = z$ - ui2 will satify the homogeneous differential equation ((5.1) 
with pi G 0) in 7 < a, and homogeneous boundary conditions on Y = a. 
\\‘e employ again the function I3 introduced in Section III, i.e., we let 
B = Xi IVi + f$ (Y” - a2)IY,,,. (5.2) 
Clearly B is a biharmonic function which lranishes with its normal deriva- 
tive on Y = a. But since the Dirichlet problem for the biharmonic equa- 
tion has a unique solution it follows that B z 0 in Y < a. Thus 
in Y < a. If we apply the Laplace operator to (5.3) and make use of (5.1) 
we obtain the expression (setting 0 = Wl,,) 
in r(a. This equation yields 
@ = y(3a+W F(8, y). (5.5) 
The function on the right will not be regular in Y < a unless 
(3a + 1) = 2N (5.6) 
where N is a nonnegative integer. In terms of 0, condition (5.ti) may be 
expressed as 
u = (N - 2)(2N - 1)-l. (5.7) 
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It follows then that 0 must vanish identically in Y < a unless u satisfies 
(5.7) for some nonnegative integer N. Now the physically interesting 
values of o lie in the interval - 1 < (T < +. We note from (5.7) the 
curious fact that all positive integers N > 1 yield values of o which lie 
in this interval. In other words there are an infinite number of values 
of o in the interval - 1 < (T < Q for which 0 need not vanish identically 
in r < a. For any one of the values of o given by (5.7), 0 may be an 
arbitrary harmonic polynomial of degree N. Thus 
rN F(t9, fp) if u= (N-2)(2N- 1)-l 
@= 
0 if u # (N - 2) (2N - 1)-i. 
(5.8) 
The expression for xi Wi then follows from (5.3). 
Thus far we have used only two of the boundary conditions. As 
pointed out in Section III the quantity H = .sijk xi Wj,R is a harmonic 
function. Furthermore, it vanishes on Y = a. This implies that H vanishes 
identically in Y < a. We now merely insert the expressions for 0 and 
xi Wi into the identity (3.11) (replacing zci by Wi in the latter equation) 
and obtain the expression for W,. 
r2@*i W.=~+F,(B,p)+fxie-,t 6N t (N - 2, a2@,i. (5.9) 
From the differential equation for Wi it follows that for a # - 1, 0 is 
harmonic. Thus we see from insertion of the Wi of (5.9) into the dif- 
ferential equation that F,(8, v) and G,(0, v) are harmonic functions 
independent of Y, and hence must be constants. Since the G;(B, q)/r 
term is singular at the origin it must be excluded. Equation (5.3) then 
yields 
x;F; ~0 (5.10) 
in r < a. Thus Fi G 0 and 
w4-12@,i+ 6N ,* N-2 a2@ ., 
It follows then from (5.8) that the boundary value problem has a unique 
solution only if c # (2N - l)-l(N - 2) for any positive integer N. If 
~7 = (2N - l)-l(N - 2) it is clear that zli,i is unique only up to a ho- 
mogeneous polynomial of degree N. 
The uniqueness proof for the exterior boundary value problem may be 
carried through in the same way, but in this case we find that (under 
suitable conditions at infinity) the boundary value problem has a unique 
solution for all values of u. We assume ui to be defined by (5.1) in r > a 
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where ui = 0(1/r) and pi = O(l/r3) as Y -+ 00. Proceeding as before 
we arrive at (5.5). But in this case 0 must vanish identically in r > a 
unless the N in (5.6) is a negative integer. But for negative IV it is clear 
from (5.7) that 0 can be different from zero in Y > I* only if 0 > $. Thus 
for physically real values of cr, 
0~0 in r > a. 
It follows as before that lYi is then given b> 
(5.12) 
(5.13) 
(5.14) 
Wi++Fi 
where Gi and Fi are constants. But from (5.3) it follows that 
Gkxk ~0; Fk xk E 0 in r > a. 
Thus Gi s 0 and Fi 3 0 in Y > a and uniqueness follows. 
We have shown then that in the interior problem of type I there are 
an infinite number of physically real values of (T for which the solution 
is not unique. On the other hand the solution to the exterior problem of 
type I (with suitable conditions imposed at infinity) is always unique for 
CT < +. If we ignore the physical significance of u it is clear that the exterior 
problem has a unique solution unless 
u = Q + $(2M + 1)-i (5.15) 
where M is some nonnegative integer. (The case M = 1 must be handled 
in a manner slightly different from that indicated here since for this 
value of M, 0 need not be harmonic.) 
VI.UNIQUENESSOF SOLUTIONOFBOUNDARYVALUEPROBLEMOFTYPE II 
We consider now the problem in which zci satisfies (5.1) in r < a, 
and the tangential components of the surface traction as well as the 
tangential displacements are prescribed on r = a. We again assume that 
two solutions uil and ui2 exist and form their difference I’~i = ~4,~ - u,~. 
As before we introduce the biharmonic function Bii given by 
Bii = xi Wi - xi Wi - t(~” - ~2) (tYi,i - W<,j). (6.1) 
Then Bij is a biharmonic function which vanishes with its normal 
derivative on r = a. Thus 
Xi Wj - Xj Wi - *(r2 - U2) (JVj,, - Wi,j) f 0 (6.2) 
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in r < a. If as before we form 
A 
and make use of (5.1) we find that 
(6.3) 
in r < a. Thus 
0 = c + 1(3a+l)/2F(e, p). (65) 
The constant C denotes an arbitrary hydrostatic pressure. We note 
then the interesting fact that except for the arbitrary hydrostatic pressure 
the non-uniqueness in 0 in this problem occurs for precisely the same 
values of a which lead to nonuniqueness in the problem of type I. Thus 
if we let 0 = C + O’, then 
1 
+ F(fL q), a=(N-2)(2N-l)-1 
0’ = 
0 > a # (N - 2) (2N - 1)-l. w-v 
We now employ the identity (4.8) with ui replaced by IVi to obtain 
y2 0’ - r; (Xi TV,‘) - x; W,’ - a(,2 - a2) (1 + .)2$ = 0. (6.7) 
Solving for xi Wj’ we find 
n.w.l=-<N-2) r2@‘+Nu2@‘+ G(eJd I t -. 6 6 Y 
Since G(B, p)/r must be harmonic, G = a constant. For the interior 
problem this last term must be omitted since it gives rise to a singularity 
at the origin. We now employ the expression (4.9) with ui replaced by T~‘i. 
This yields for lYi the expression: 
xj 0’ 
TYj = 9 + 3 _ UT2 - a2)@,i’ + Hi@ pl)p 
where Hi(0,cy)/v3 is to be a harmonic function. Since this term is 
not admissible for an interior problem we must take Hi G 0. Thus if 
a # (N - 2) (2N - 1)--l the displacements are unique up to those cor- 
responding to an arbitrary hydrostatic pressure. If a = (N - 2) (2N - 1) -l 
we may also add to 0 an arbitrary harmonic polynomial of degree N. 
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For the exterior problem if we prescribe 21, = 0(1/r) as r a ‘x, then 
the hydrostatic pressure must be taken as zero. Also for all physicall) 
real u, 0’ must vanish identically in 7 > a. On the other hand the G/r 
term in (6.X) cannot be dropped nor can the Hi/r3 term in (6.7). Thus 
TT’, = GXJ73 + H,(O, cp) lr3. (6. IO) 
However, if we form 
we find that 
r2 Hi - 4(y2 - a2)Hj E 0 in r > 61. (6.12) 
Thus Hj E 0 in Y > a, and we conclude that in the exterior boundary 
value problem of type II the displacements are unique up to a term of the 
type C grad (l/r) where C is an arbitrary constant. If we impose the 
additional condition 
(6.13) 
then uniqueness is assured 
VII.E?IISTENCEOF.~SOLUTIONOFBOUNDARYV~~LUEPROBLEMOF TYPE II 
It is clear that one can not expect the solution of the boundary value 
problem of type II to exist for arbitrary boundary data. One cannot 
prescribe four independent boundary conditions for the system (5.1). 
Hence for existence of solution we must prescribe some compatibilit! 
relationship among the prescribed boundary values for the tangential 
components of surface traction and the tangential displacements. 
If the boundary data are sufficiently regular we form the expression 
H = &ijk Xi Ui, k (7.1) 
and note that on the surface 7 = a, H involves only tangential derivatives 
of the tangential displacements. Thus H is a harmonic function whose 
boundary values are prescribed on r = a. Hence H is completely deter- 
mined in I < a. 
We now form 
G = Eijk Xt(X[ Tjl),k. (7.2) 
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As before we see that on Y = a, G involves only tangential derivatives 
of the tangential components of surface traction. An elementary computa- 
tion reveals, however, that 
Clearly then G is harmonic in r < a and its boundary value is expressed 
in terms of the tangential components of the surface traction alone. Thus 
H must be a harmonic function in r < a which satisfies 
r $ - H = ,u-lg(B, v) (7.4) 
on Y = a, where h(r3, q.~) and &6, p) are the boundary values of H and G 
respectively. Clearly (7.4) will not be satisfied unless h(0, q~) and g(0, cp) 
satisfy a certain compatibility relationship. This relationship may be 
written in a number of ways. For instance if we introduce the notation 
P(h) to denote the Poisson integral (see for instance [8, p. 1371). Then we 
may write the expressions 
H = P(h), 
+H=p-‘P(g) 
(7.5) 
which define H and r(aH/&) - H at each point in r < a. Clearly then 
it is necessary that 
i 1 r; - 1 P(h) = p-l P(g) 
if a solution is to exist. 
VIII. CONCLUDING REMARKS 
In obtaining our continuation formulas we chose D to be the portion 
of D* in r <a. It is clear that we could just as well have chosen D to 
be the part of D* in r > a. 
The methods employed in deriving our continuation formulas may be 
used to obtain an explicit solution of the boundary value problems of 
types I and II. In the first case we define B as in (3.5). The function B 
is a solution of the biharmonic Dirichlet problem for the sphere and is 
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therefore easily determined. Knowing B we can then determine 0 and 
xi ui as indicated in Section III. The function H occurring in (3.11) 
is the solution of a Dirichlet problem for the Laplace equation. This 
solution is given by the Poisson integral [8, p. 1371. Integration of (3.11) 
then yields the desired solution of the problem. 
Assuming the data of type II is such that the solution of the boundary 
value problem esists then the boundary value problem of type II is also 
easily solved. \\‘e first determine the biharmonic function Bi; of (4.4) 
satisfying prescribed Dirichlet conditions. From Bij we determine 0 
and xi u, as indicated in Section I\‘. The solution then follows from 
integration of (4.9). 
REFERENCES 
1. BRAMBLE, J. Continuation of solutions of the equations of elasticity. Pvoc. 
London Math. Sot. 10, 335-353 (1960). 
2. BRAMBLE, J. Continuation of solutions of the equations of elasticity across a 
spherical boundary. J. Math. Anal. and Appl. 2, 72-85 (1961). 
3. BRAMBLE, J. Continuation of biharmonic functions across circular arcs. J. Math. 
and Mech. 7, 905-924 (1958). 
4. DIAZ, J. B., AND PAYNE, L. E. Mean value theorems in the theory of e1asticit.y. 
Proc. 3rd Natl. Congr. Appl. Mech., 1958, pp. 293-303. 
5. DIAZ, J. B. AND PAYNE, L. E. New mean value theorems in the theory of 
elasticity. Techn. Note BN-210, Univ. of Maryland (1960). 
6. DUFFIN, R. J. Analytic continuation in elasticity. J. Rat. Mech. Anal. 5, 
939-950 (1956). 
7. DUFFIN, R. J. Continuation of biharmonic functions by reflection. Duke 
Math. J. 22, 313-324 (1955). 
8. SOMMERFELD. A. “Partial Differential Equations.” Academic Press, New 
York, 1949. 
